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31. 
RALIZATION 
LA’IIN RECTANGL 
OF RIORDAN’S FORMULA FOR 3xn 
Racoivcd 18 June 1081 
A formula is obtained for the number of three-line latin rectangks with first row normalized 
and second row a permutation which, in diajoint cycle form, has no cycles of prescribed lengths. 
Riardan’s Cl] formula for the number K, af 3 x n Latin rectangles with first row 
normalized at i, 2,3, . . . , n is 
(1) 
with 
0, =O~G~(-l)i(~)(n-i)! for all n>O, 
u, _ c (-1)‘2n 2n-i 
( ) O<i<;n 2n-i i 
(n-i)! for all 1121, 
u0=2 and u,,=w_, whenever n CO. The generalization is this. Let D$ = 
@(l,(Y,&. . .), 1<(Y<p<. .., denote the number of permutations of degree n 
-which when written in disjoint cycle form have no cycles of length 1, CY, 0, . . . ; 
then the numbF:r K,* = Kz(1, (Y, 0 , . . .) of 3 x n Latin rectangles with first row 
normalized and second row a permutation with no cycles of length 1, (Y, p, . . . is 
given by 
(2) 
It is well known and easy to show that I?-:l) = 0, (the recontre number), so (2) 
does indeed generalize (1). 
Before proving (2), we introduce some notation and quote a few results. A 
finite sequence crp = (a,, a2, . . .) is said to specify the cycle structure of a permuta- 
tion T if ?r has precisely ai cycles of length i for each i. The degree gf TT is, of 
course, 
s(u)=a,+2a2+3a,-I-. * - . 
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It is easy to see that the number C(a) of permutations with cycle structure Q is 
C(a) = n!/a,! 2%2,! 3%3! ’ * - , n == s(a). 
If a and b are finite sequences with. bi s a, for all i, then we shall write 6 C u and 
let a - 6 stand for the sequence (a1 - bi, a2 - b2, a3 - b3, . . .). It is routine to verify 
that when 6 s u 
with n = s(a) and k = s(b). Touchard [2] proved that if p ., 7~ has cycle 
structure 0 = (0, 4z2, a3, . . . , u,,) and degree n = s(a), then LliG nunl: er u(a) of 
3 x n Latin rectangles with fkst two rows fixed at 
1 2 3 “‘II 
711 Tr2 rn3”‘T~ 
is given by 
The proof of (2) fdlows Riordan’s [1] proof of (1). Writing 
UEP ifandonlyif u,=u_=u,=**~=O, 
we have 
K,*= c C(a)u(rr) 
s(a)=n 
OEP 
L s(a)=,, 06k6n b-&n ‘K’ 
aeP s(b)=k 
1 n =- 
2 c 0 c 
C!a - b)C(b). 
Osk*;n 
k %-2k 
s(a)=n bso 
aeP s(b)=k 
Observing that a E P and b s a imply E P we coriclude that 
c c au-W(b)= c C(b) 1 C(a-6) 
s(o)=n b6a 
oeP s(b)=k 
s:(b)=k 
beP 
b& 
s(a)= n 
OfF 
s(b)=k 
bEP 
s(d)=n-k 
deP 
thereby completing the proof of (2). 
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In closing we note that the numbers 0: featured in (2) may be computed from 
the generating series 
1 Df $=Tl;ep-(x+$+$k l j. 
nao . - 
For instance 
so that 
D:(l, 2) = n! c (-l)‘+‘/i! 2Ji! 
i+ljscn 
i.j*O 
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